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1. Classical action and solutions
A study of 2d quantum gravitational models may teach us important lessons about
quantum gravity in general. For example, one would like to understand the effect of
quantum corrections on the properties of classical (e.g. black hole) solutions. A particular
“string-inspired” 2d model which contains black hole solutions [1] was recently discussed
in ref.[2]. In this paper we shall consider some effects of quantum gravitational corrections
on such type of scalar - tensor 2d models. We shall first make a field redefinition which
brings the action into a canonical form (with different models being parametrised by a
scalar potential). This form of the action facilitates the study of renormalisation and is
useful in trying to determine the structure of the “effective action” which accounts for the
general covariance of the quantum theory, i.e. is invariant under the background (“split”)
Weyl symmetry in the conformal gauge [3]. We shall find that the “string-inspired” model
corresponds to a Liouville model with an exponential potential and is finite within the
standard loop expansion. We shall suggest two possible ansatze for the corresponding
“effective action” based on two different choices of a metric in terms of which the anomaly
contribution is constructed.
We shall consider the following model for a scalar field interacting with gravity in two
dimensions1
S =
∫
d2x
√
g
[1
2
gµν∂µφ∂νφ+ F (φ)R + U(φ)
]
. (1.1)
Here φ is dimensionless so that U = µ U¯ , [µ] = cm−2. Eq.(1.1) is the most general
local reparametrisation invariant action containing terms of dimension ≤ 2 (an arbitrary
function K(φ) in the kinetic term of the scalar field can be absorbed into a redefinition of
φ).
1 We shall assume that the metric has Euclidean signature. Continuation to Minkowski
signature is straightforward. We have chosen the standard plus sign for the kinetic term
of φ. When F is non-zero this does not guarantee that φ is a physical field. In fact, the
scalar field mixes with the conformal factor of the metric and the signature of the resulting
kinetic matrix is (+ –). Since the euclidean path integral is in any case unstable and should
be defined by an analytic continuation the choice of the minus sign in front of (1.1) is also
legitimate.
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The action (1.1) is of interest as a simple tractable model of 2d gravity: the intro-
duction of a scalar field is necessary in order to get a non-trivial local reparametrisation
invariant action in two dimensions (similar models were previously discussed in refs.[4]).
Related actions appear from higher dimensional Einstein action after a reduction to two
dimensions.
Power counting implies that (1.1) should be renormalisable in a generalized sense (i.e.
assuming that the form of the scalar functions F and U may change under renormaliza-
tion). To study some formal properties of (1.1) it is useful to make a redefinition of φ and
a Weyl rescaling of the metric which effectively replace F by a linear function. Within the
perturbation theory expansion we may ignore possible singularities of such field transfor-
mation. In general, one should take into account the region of definition of the scalar field
and also orders of critical points of F [5]. As a result, eq.(1.1) takes the form
S =
∫
d2x
√
g˜
(1
2
g˜µν∂µϕ∂νϕ+
1
2
qϕR˜ + V (ϕ)
)
, (1.2)
where q = const, R˜ = R(g˜) and
1
2
qϕ = F (φ) , gµν = e
2ρg˜µν , (1.3)
ρ(φ) =
F
q2
− 1
4
∫ φ
dφ′
( dF
dφ′
)−1
, V = Ue2ρ . (1.4)
Thus the class of models (1.1) is parametrized by one arbitrary function V of the scalar
field.
To illustrate the transformation (1.3),(1.4) let us consider the metric – dilaton func-
tional (string effective action) which generates the σ-model Weyl anomaly coefficients in
the case of D = 2 target space2
S =
1
8
∫
d2x
√
ge−2Φ
(
R+ 4(∇Φ)2 + c) . (1.5)
2 c is proportional to an effective central charge, α′ = 1 ; a numerical factor in front of
the action can be absorbed into a constant part of Φ. We have chosen the plus sign in front
of (1.5) in order for the transformation which puts it into the form (1.1),(1.2) to be real
(e.g. not changing the sign of the metric). If we start with the action (1.5) with the minus
sign we get (1.2) also with the minus sign. As we have noted, there is no a priori reason
for a particular choice of sign from the present point of view of two dimensional theory.
However, if one interprets (1.5) as originating from a higher dimensional theory (in which
“transverse” gravitons should have physical sign in the action) or demands correspondence
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Eq.(1.5) can be represented in the form (1.1):
S =
∫
d2x
√
g
[1
2
gµν∂µφ∂νφ+
1
8
φ2R+
1
8
cφ2
]
, φ ≡ e−Φ . (1.6)
By applying the transformation (1.3),(1.4) to (1.6)
qϕ =
1
4
φ2 , ρ =
1
8q2
φ2 − logφ , gµν = e
ϕ/q
4qϕ
g˜µν , (1.7)
we conclude that (1.5) takes the form (µ = c/8 )
S =
∫
d2x
√
g˜
[1
2
g˜µν∂µϕ∂νϕ+
1
2
qϕR˜ + µeϕ/q
]
, (1.8)
or
S = q2
∫
d2x
√
g˜
[1
2
g˜µν∂µϕ˜∂ν ϕ˜+
1
2
ϕ˜R˜+ µeϕ˜
]
.
It is interesting to note that the simple Liouville structure of the potential in (1.8) is due to
a particular relative coefficient of the dilaton and Einstein terms in (1.5) (if the coefficient
4 is replaced by γ one finds (1.2) with V = µϕ1−
1
4
γeϕ/q). This particular structure of (1.5)
is also responsible for the existence of a black hole - type classical solution [1].
The classical field equations which follow from (1.2) are
−∇˜2ϕ+ 1
2
qR˜ + V ′ = 0 , (1.9)
q∇˜µ∇˜νϕ− ∂µϕ∂νϕ+ g˜µν [ 1
2
(∂ϕ)2 + V − q∇˜2ϕ] = 0 . (1.10)
The trace of (1.10) represents the classical Weyl anomaly of (1.2):
−q∇˜2ϕ+ 2V = 0 . (1.11)
with the string effective action which also includes physical scalar field not coupled to the
curvature (tachyon) one should change the sign in (1.5). While this choice of overall sign is
not important at the classical level it becomes relevant once the quantum corrections are
included (see sect.3). Though we shall stick to the choice of the plus signs in (1.5),(1.2)
it is easy to modify the results of sect.3 to the case of the minus sign: one should change
the overall signs in (3.1),(3.13)-(3.15),(3.18)-(3.20) as well as the signs of the anomaly
coefficients A, B (the sign of the anomaly term is invariant).
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Eqs. (1.9) and (1.11) imply that
R˜ =
2
q2
(2V − qV ′) . (1.12)
Since q∇˜µ∇˜νϕ−∂µϕ∂νϕ ∼ g˜µν the metric which solves (1.10) always has the Killing vector
[5] ξµ = εµν∇˜ν(e−ϕ/q). In conformal coordinates where g˜µν = e2σδµν eqs. (1.9) and (1.11)
reduce to
−∂2ϕ− q∂2σ + V ′e2σ = 0 , (1.13)
−q∂2ϕ+ 2V e2σ = 0 . (1.14)
In the case of exponential potential V = µeϕ/q corresponding to (1.5),(1.8) one finds that
eqs. (1.10),(1.13) and (1.14) have a spherically symmetric solution
2σ +
1
q
ϕ = k , ϕ = ax2 + b , (1.15)
a =
µ
q
ek , a, b, k = const .
In terms of the original metric and dilaton which appear in (1.5) this corresponds to the
D = 2 “black hole” solution of ref.[1]
Φ = Φ0 − 1
2
logϕ ,
gµν = e
2ρ+2σδµν =
1
φ2
e2σ+
1
q
ϕδµν = e
2Φ+kδµν =
d
ϕ
δµν , d = e
k/4q , (1.16)
or in Minkowski notation
ds2 =
dx+dx−
b′ − a′x+x− , Φ = Φ
′
0 − 1
2
log(b′ − a′x+x−) , a′ = c
4
, b′ =
M√
c
. (1.17)
We see that (1.7) transforms the regular solution (1.15) into the singular one: the zero of
ϕ in (1.15) is transformed into the singularity of the original fields in (1.16).
Let us note that it is possible to find an explicit solution for arbitrary potential V .
This is easy to do in terms of the variables (gµν ,Φ) used in (1.5). Consider the following
generalization of (1.5)
S =
1
8
∫
d2x
√
ge−2Φ
[
R + 4(∂Φ)2 + U(Φ)
]
, (1.18)
5
U = c+ c1e
2Φ + c2e
4Φ + ... ≡ c+ U¯ .
The corresponding equations of motion can be represented in the form
Rµν + 2∇µ∇νΦ+ F1(Φ)gµν = 0 , (1.19)
−1
2
∇2Φ+ (∂Φ)2 + F2(Φ) = 0 , F1 ≡ −1
4
U ′ , F2 ≡ −1
4
U . (1.20)
In D = 2 Rµν =
1
2gµνR so that gµν is proportional to ∇µ∇νΦ. Hence the solution has
the Killing vector ξµ = εµν∇νΦ. Fixing the coordinates so that
ds2 = fdθ2 + f−1dx2 , f = f(x) , Φ = Φ(x) , (1.21)
with θ parametrizing the direction along the Killing vector flow, we find that the (xx) and
(θθ) components of (1.19) reduce to (R = −f ′′)
−1
2
f−1f ′′ + 2Φ′′ + f−1f ′Φ′ + f−1F1 = 0 , −1
2
ff ′′ + ff ′Φ′ + fF1 = 0 . (1.22)
As a consequence, Φ′′(x) = 0, i.e.
Φ = Φ0 − bx , (1.23)
so that
f(x) = ae−2bx − 2
b
e−2bx
∫ x
dx′e2bx
′
Fˆ2(x
′) ,
Fˆ2(x) ≡ −1
4
U(Φ0 − bx) ≡ −1
4
(
c+ Uˆ(x)
)
, (1.24)
i.e.
f(x) =
1
4
c
b2
+ ae−2bx +
1
2b
e−2bx
∫ x
dx′e2bx
′
Uˆ(x′) . (1.25)
The equivalent solution was found in [6]. For a large class of potentials it represents
a black hole - type configuration (if Uˆ = 0 the coordinate transformation x+x− = α +
βe2bx, x+/x− = e2t brings the metric into the form (1.17)). In the context of string theory
U¯ in (1.18) represents higher loop corrections to the dilaton potential. To the one-loop
order we find from (1.25) [6]
f(x) =
1
4
c
b2
+ ae−2bx + hxe−2bx +O(e−4bx) , a =
M√
c
, h =
c1
2b
. (1.26)
The genus 1 correction dominates over the “mass term” ae−2bx in the weak coupling region
x → ∞. The curvature R = −e−2bx(4b2 M√
c
− 2c1 + 2bc1x) + O(e−4bx) has very different
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behaviour as compared to the tree-level solution (in particular, it changes sign at some
point).
2. Perturbative renormalization
Let us now discuss the renormalization of the model (1.2). Though there are no prop-
agating degrees of freedom, there are nontrivial ultra-violet divergences. On dimensional
grounds the counter-terms should have the structure
∆S =
∫
d2x
√
g˜
[
K(ϕ)g˜µν∂µϕ∂νϕ+ P (ϕ)R˜+Q(ϕ)
]
, (2.1)
so that after a non-linear renormalization of the scalar field and the metric the renormalised
action takes the same form as the original action (1.2) with some new potential V˜ .3 For
a particular form of the potential the model (1.2) is not renormalizable in the usual sense
unless V˜ is simply proportional to V . It is straightforward to compute V˜ in the one-loop
approximation. The “on-shell” counter-term should be gauge-independent so that we may
use the simplest quantum conformal gauge4, g˜µν = e
2σ g¯µν . In this gauge the action (1.2)
takes the form
S =
∫
d2x
√
g¯
[1
2
g¯µν∂µϕ∂νϕ+ qg¯
µν∂µϕ∂νσ +
1
2
qϕR¯+ V (ϕ)e2σ
]
. (2.2)
Now the divergences can be computed using the background field method. It is useful to
interpret (2.2) as a particular case of the D = 2 σ-model
S =
∫
d2x
√
g¯
[1
2
Gij(X)g¯
µν∂µX
i∂νX
j +
1
2
R¯Ψ(X) + T (X)
]
, (2.3)
X i = (ϕ, σ) , Gij =
(
1 q
q 0
)
, Ψ = qϕ , T = V (ϕ)e2σ . (2.4)
3 Equivalently, one may use the classical field equations (1.9),(1.10) to transform (2.1)
into the form
∫
d2x
√
g˜V¯ (ϕ).
4 The 1-loop renormalization of (1.1) in harmonic-type gauges was recently discussed in
ref.[7]. A surprising result that the “on-shell” counter-term is gauge dependent was found.
This is probably due to the fact that the boundary divergences (which can mix with the
volume ones on the equations of motion (1.9),(1.10)) were ignored. Our conformal gauge
result disagrees with the expressions found in [7].
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Since the metric G is flat and the dilaton Ψ is linear, the only non-trivial divergences
correspond to a renormalisation of the tachyon. This is formally true to all orders in
the loop expansion. The only subtle point that may complicate the renormalisation of
the model (1.2) as compared to the σ-model (2.3),(2.4) is that of a reparametrization
invariance of a cutoff. This issue is irrelevant in the 1-loop approximation.
The Weyl anomaly coefficient corresponding to the tachyonic coupling has the follow-
ing well-known structure [8]:
β¯T = − 1
4pi
GijDiDjT + (G
ij∂iΨ∂jT − 2T ) ≡ βT +∆βT . (2.5)
Here the first term βT corresponds to the genuine UV divergence while ∆βT represent the
classical Weyl anomaly. Computing (2.5) for the particular couplings in (2.4) we find
β¯T = βT =
1
piq2
e2σ(V − qV ′) , ∆βT = 0 . (2.6)
Thus the condition of UV finiteness coincides with the condition of background Weyl
invariance and is satisfied if V = qV ′, i.e. if
V = µeϕ/q . (2.7)
It should be stressed that this conclusion holds only if both the scalar field and the metric
are quantised: the scalar models (1.6),(1.8) are not finite if quantised on a fixed curved
background.
Remarkably, the potential (2.7) corresponds to the “string-inspired” model (1.5) (see
eq.(1.8)). It is possible to check the finiteness of the model (1.5) directly by going into the
conformal gauge in (1.5) and rewriting the resulting action in σ-model form (1.20) (see
(3.18)-(3.21)). The UV finiteness condition is satisfied only if a potential term is the same
as in (1.5), i.e. c e−2Φ . 5 A weaker renormalizability condition is satisfied if V − qV ′ is
proportional to the potential itself, i.e. in the case of the Liouville potential
V = µeγϕ , γ = const . (2.8)
5 This, of course, is the expected conclusion since the σ-models corresponding to (1.5)
and (1.8) are related by a field redefinition which leaves the on-shell finiteness condition
invariant.
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Then the divergence can be absorbed into a renormalization of µ (or a shift of ϕ). We
conclude that the Liouville theory is the only 2d scalar field theory which remains renor-
malizable after coupling to 2d quantum gravity (with the linear curvature term included
as in (1.2)).
Using the conformal gauge it is easy to compute the 1-loop effective action in the
theory (1.2). Expanding near the background g˜µν = g¯µν , ϕ = ϕ¯ and accounting for the
mixing between the scalar field and the conformal factor one finds
Γeff [g¯, ϕ¯] =
1
2
log det∆ij − log det∆gh , (2.9)
where ∆gh is the standard ghost operator corresponding to the conformal gauge and
∆ij = ∆
(0)
ij +Mij , (2.10)
∆
(0)
ij =
(
∆¯ q∆¯
q∆¯ 0
)
, Mij =
(
V ′′ 2V ′
2V ′ 4V
)
, ∆¯ = −∇¯2 , V ′ = ∂V
∂ϕ¯
.
The V -independent part of (2.9) is given by (we fine tune the coefficient of the cosmological
term λ
√
g¯ to zero)
Γ
(0)
eff =
1
8
A
∫
R¯∆¯−1R¯ + const , A = (−2 + 26)/12pi . (2.11)
The flat metric scalar Laplacian terms log det∆ cancel out (the scalar and conformal
factor contributions are compensated by the two ghost contributions) so that the model
has zero dynamical degrees of freedom (diagonalizing ∆
(0)
ij one finds that the signs of
the eigenmodes are opposite so that the euclidean path integral should be defined by an
analytic continuation as in D = 4 Einstein theory).
In the case of the model (1.8) V = µeϕ/q one may compute (2.9) on the “black
hole” solution (1.15), i.e. g¯µν = e
2σ¯δµν , ϕ¯ = ax
2 + b , 2σ¯ + ϕ¯/q = k. Using that
√
g¯V (ϕ¯) = µek = µ¯ = const and that the metric is conformally flat one finds that the
µ¯-dependent terms in det∆ij cancel out so that there is no non-trivial correction to the
anomaly term (2.11) in the effective action (in particular, there are no “extra” negative
modes of ∆ij). If one repeats the calculation by starting with the classical action in the
original parametrization (1.5) one finds again that the effective action is given simply by
(2.11) but now the background metric g¯µν is given by the classical solution for gµν (1.16),
i.e. g¯µν = d δµν/(ax
2+b) (we are assuming that starting with (1.5) one defines the quantum
theory in terms of the metric gµν). The resulting integral in (2.11) is less divergent than
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in the first case. If one starts with the action in yet another parametrization (3.15) and
defines the determinants in terms of the metric gˆµν (3.16) (which is flat on the classical
solution) the effective action is given by (2.11) with g¯µν = const δµν , i.e. is trivial. Let us
note that starting with (3.15) one can formally argue that the effective action is trivial to
all orders in perturbation theory (non-perturbatively, however, there is a subtlety related
to the fact that ψ should be non-negative in order to preserve a correspondence between
(1.8) and (3.15)).
Computing (2.9) for the flat metric and constant scalar background one finds the
following expression for the effective potential
Veff =
1
2pi
∫ Λ2
0
d2p ln det(δijp
2 +M ij) ,
M ij = G
ikMkj , G
ik =
(
0 −1/q
−1/q −1/q2
)
,
i.e.
Veff =
1
2
m21(ln
Λ2
m21
+ 1) +
1
2
m22(ln
Λ2
m22
+ 1) + const ,
m21,2 = 2q
−2[V − qV ′ ± (V 2 − 2qV V ′ + q2V V ′′)1/2] .
If V = µeγϕ then m21 = 4q
−2µeγϕ(1 − γq) , m22 = 0 so that the effective potential
vanishes in the case of the model (1.8) , i.e. when γ = 1/q.
The usual kinetic term for the conformal factor σ is missing in eq.(2.2). Since such term
is generated at the 1-loop level (appearing both from the ghost and scalar determinants)
one may consider a resummation of the standard loop expansion by adding the Weyl
anomaly term
Sanom =
1
8
A
∫
R˜∆˜−1R˜ =
1
2
A
∫
d2x
√
g¯(∂µσ∂
µσ + R¯σ) +
1
8
A
∫
R¯∆¯−1R¯ , (2.12)
A =
1
12pi
(26−Deff ) ,
( Deff is a number of effective scalar degrees of freedom) to the classical action (2.2) and
quantizing the resulting theory. The corresponding D = 2 σ-model will be given by eq.(2.3)
with the modified metric and dilaton
Gij =
(
1 q
q A
)
, Ψ = qϕ+ Aσ . (2.13)
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Computing the β¯T -function (2.5) we find
βT = − 1
4pi
e2σ
A− q2 (AV
′′ − 4qV ′ + 4V ) , (2.14)
∆βT =
e2σ
A− q2 (AqV
′ − 2q2V − qAV ′ + 2AV )− 2V e2σ ≡ 0 . (2.15)
Eq.(2.14) reproduces (2.6) in the case of A = 0. As it is clear from (2.14) the Liouville
theory (2.8) is still renormalizable, with the zero of the β-function corresponding to the
coefficient γ in (2.8) which satisfies
Aγ2 − 4qγ + 4 = 0 . (2.16)
We conclude that the model (1.5),(1.8) with the potential (2.7) with γ = 1/q is no longer
finite. The parameter µ in eq.(1.8),(2.7) (or c in (1.5)) is running with scale unless A = 0.
3. Quantum effective action with anomaly
We have seen that the action (1.5) or (1.8) is special being not renormalised at the
quantum level within the naive loop expansion. It would be interesting to understand its
modification by finite quantum gravitational corrections and, in particular, to determine
the fate of its classical black hole solution. As an attempt in this direction we shall suggest
how one can find a “quantum” analog of (1.5),(1.8) using the DDK - type argument [3].
In the above discussion in sect. 2 we were ignoring the issue of maintaining the general
covariance of the quantum theory. Instead of using an invariant regularisation (which is
complicated in the conformal gauge) one may adopt a non-invariant cutoff adding at the
same time some counterterms which are necessary in order to satisfy the reparametrisation
invariance Ward identities. The resulting “effective action” should generate a theory which
is invariant under the background Weyl symmetry [3], g¯ → e2τ(x)g¯, σ(x) → σ(x) − τ(x).
Since the metric g˜ = e2σg¯ is left unchanged this transformation should be an exact sym-
metry of the theory, i.e. the β¯-functions of the couplings in the “effective action” should
vanish. The basic assumption (which can be justified to a certain extent in the absence
of a scalar potential) is that the conformal factor dependence of the covariant quantum
measure and regularisation can be represented by a local “effective action” containing only
simplest lowest derivative terms [3].
Since in the conformal gauge the actions (1.5),(1.8) describe the systems of two inter-
acting scalar fields a priori one might expect that the corresponding “effective action” is
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a general D = 2 σ-model with the couplings being functions of the two arguments which
solve the Weyl invariance conditions. It is natural to assume, however, that for a particu-
lar choice of the quantum variables only some particular structures are actually appearing
In what follows we shall discuss two (inequivalent) suggestions for the effective action
which may correspond to (1.5),(1.8). They will be described by two particular D = 2
σ-models which generalize the actions (1.5) and (1.8) to the case when the anomaly terms
are included.
While equivalent at the classical level (being related by the field redefinition (1.7))
the models (1.5) and (1.8) are not necessarily equivalent at the quantum level since the
field redefinition involves a Weyl rescaling of the metric which may introduce an additional
anomaly. Given that the scalar field and the conformal factor are mixed in the classical
action it is not obvious which particular metric should be used in the definition of the
quantum theory (i.e. in a measure and in a cutoff). 6
Let us first discuss the ansatz for the effective action which is most natural if we use
(1.8) as a starting point. We shall assume that the clasical action (2.2) should be replaced
at the quantum level by (cf.(2.2),(2.12))
Seff =
∫
d2x
√
g¯
[1
2
g¯µν∂µϕ∂νϕ+
1
2
Ag¯µν∂µσ∂νσ + qg¯
µν∂µϕ∂νσ
+
1
2
(qϕ+Bσ)R¯+ T (ϕ, σ)
]
. (3.1)
Since the two scalar fields can be linearly combined and rescaled in order to eliminate the
mixing term the only a priori free parameters (in addition to T ) are the two coefficients
of the curvature couplings (the coefficient of the mixing term can be taken to be equal
to q without loss of generality). We shall fix A at its natural value A = 25−Deff
12pi
, where
Deff = 1+N and N is a number of extra matter scalar fields which may contribute to the
conformal anomaly. The condition of the vanishing of the total central charge gives (see
(2.3),(2.13))
β¯Ψ =
1
12pi
(Deff + 1− 26) +Gij∂iΨ∂jΨ
=
1
12pi
(Deff − 25) + 1
A− q2 [Aq
2 − 2q2B +B2] = 0 . (3.2)
6 A “preferred” metric may be selected by coupling a gravitational system to extra
matter fields.
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Eq.(3.2) has two solutions: B = 2q2−A and B = A. The correspondence with the classical
limit A = 0 selects the solution B = A. A solution of the condition of the vanishing of the
“tachyon” Weyl anomaly coefficient (2.5) is given by T = µeaσ+γϕ, where the constants a
and γ satisfy the relation
−1
2
Aγ2 − 1
2
a2 + qγa+ 2pi(a− 2)(A− q2) = 0 . (3.3)
Eq.(3.3) is not sufficient in order to determine both a and γ. We shall make an additional
assumption of correspondence between the “effective action” and (1.8),(1.5) in the classical
limit. In particular, the effective equations should have asymptotically flat solutions. Let
us solve the vacuum equations for arbitrary a and γ. Setting g¯µν = δµν and introducing
the complex coordinates z, z¯ we find that the equations of motion which follow from (3.1)
become
∂∂¯ϕ+ q∂∂¯σ =
µ
4
γeaσ+γϕ , (3.4)
q∂∂¯ϕ+A∂∂¯σ =
µ
4
aeaσ+γϕ . (3.5)
Combining eqs.(3.4),(3.5) we get
σ = −αϕ , α ≡ a− γq
aq − Aγ (3.6)
(we have dropped the sum of arbitrary analytic and anti-analytic functions which may
appear in σ). Inserting σ (3.6) into eq.(3.4) we obtain
∂∂¯ϕ = µ¯e(γ−aα)ϕ , µ¯ ≡ µγ
4(1− qα) . (3.7)
Eq.(3.7) is the Liouville equation with the general solution
ϕ =
1
aα− γ log
[
µ¯(aα− γ)(1 + f(z)f¯(z¯))2
2f ′(z)f¯ ′(z¯)
]
. (3.8)
One can check that this solution satisfies also the constraints implied by general covariance.
This solution does not approach the classical solution (1.15),(1.16) unless aα = γ. In the
latter case an important simplification occurs and the solution of (3.7) takes the form
ϕ =
µγa
4(a− qγ)zz¯ + const . (3.9)
Using the definition of α in (3.6) we conclude that aα = γ implies the following relation
between γ and a:
1− 2q γ
a
+A
γ2
a2
= 0 . (3.10)
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Combining eq.(3.10) with eq.(3.3) we obtain
a = 2 , γ =
2q
A
(1− C) , C ≡ (1− A
q2
)1/2 . (3.11)
In the limit A→ 0 the value γ = 1/q is reproduced.
The transformation which connects (ϕ, g˜) and (Φ, g) should be such that the parameter
q disappears in the effective action for Φ and g since it was absent in the classical action
(1.5) (q can be eliminated by shifting Φ ). The required transformation for A 6= 0 is
(cf.(1.7))
aρ = γϕ− log(Cqϕ/2) , qCϕ = 1
4
e−2Φ , λ = ρ+ σ , (3.12)
where λ is the conformal factor of metric gµν , i.e.
gµν = e
2ρg˜µν = e
2λg¯µν .
Inserting (3.12) into eq.(3.1) and assuming that a = 2 we find that the resulting effective
action in terms of the original variables (g, Φ) of (1.5) is
Seff =
∫
d2x
√
g¯
[ 1
8
e−2Φ
(
R¯+ 4∂µΦ∂
µΦ− 4∂µλ∂µΦ+ c e2λ
)
+A(
1
2
∂µλ∂
µλ+
1
2
∂µΦ∂
µΦ− ∂µΦ∂µλ+ 1
2
(λ− Φ)R¯ )] . (3.13)
By construction this action should give the vanishing Weyl anomaly coefficients. This can
be checked explicitly and made more transparent by rewriting (3.13) in terms of the new
variables
ψ =
1
4
e−2Φ , κ = λ− Φ ,
Seff =
∫
d2x
√
g¯
[ 1
2
(R¯ψ + 2∂µψ∂
µκ+
1
4
c e2κ ) +
1
2
A(∂µκ∂
µκ+ R¯κ)
]
, (3.14)
i.e.
Seff = S + Sanom , S =
1
2
∫
d2x
√
gˆ
(
Rˆψ +
1
4
c
)
, (3.15)
Sanom =
1
8
A
[ ∫
Rˆ∆ˆ−1Rˆ −
∫
R¯∆¯−1R¯
]
,
where we have introduced the metric
gˆµν = e
2κg¯µν = e
−2Φgµν = 4ψgµν . (3.16)
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The classical solution of (1.5), i.e. of (3.15) with A = 0 corresponds to the flat gˆµν ,
i.e. Rˆ = 0. The structure of (3.15) (namely, the absence of ψ in its quantum part Sanom)
implies that the same is true also for a non-vanishing A, i.e. the extremum of (3.15) is
given by 7
κ = λ− Φ = 0 , e−2Φ = c
4
zz¯ +
M√
c
. (3.17)
This is still the classical black hole solution, i.e. the incorporation of the quantum Weyl
anomaly according to (3.13),(3.15) has not altered the classical result.
As it is clear from (3.15) the classical action (1.5) has a very simple representation
in terms of gˆ and ψ. 8 It appears as if gˆ is a “preferred” metric in terms of which
the anomaly contribution is to be constructed. One could have found (3.15) by directly
supplementing the “naive” conformal anomaly term
∫
∂µλ∂
µλ by extra terms needed to
satisfy the condition of the background Weyl invariance.
The action (3.15) is not, however, a unique quantum extension of (1.5) which includes
the anomaly term and satisfies the condition of background Weyl invariance. To find
another one let us start directly with the action (1.5)
S =
1
2
∫
d2x
√
g[ ψ−1∂µψ∂
µψ + ψR+ c ψ ] , ψ =
1
4
e−2Φ , (3.18)
written in the conformal gauge gµν = e
2λg¯µν (cf. (3.13))
S =
1
2
∫
d2x
√
g¯[ψ−1∂µψ∂
µψ + 2∂µψ∂
µλ+ ψR¯+ c ψe2λ ] . (3.19)
Let us assume that the anomaly term to be added to (3.19) has its standard λ-dependent
form. The suggested ansatz for the quantum analog of (3.19) is thus the following
S′eff =
1
2
∫
d2x
√
g¯[ ψ−1∂µψ∂
µψ+2∂µψ∂
µλ+A∂µλ∂
µλ+ R¯(ψ+Bλ)+T (ψ, λ) ] , (3.20)
7 This solution can be obtained also from (3.6), (3.9) by using the transformation
(3.12).
8 This representation makes perturbative finiteness of the model (1.5) manifest and also
simplifies the analysis of the classical solutions in the case of a non-trivial scalar potential
(1.18), i.e. when
S =
1
2
∫
d2x
[
Rˆψ +
1
4
U(ψ)
]
, U = c+ c1ψ
−1 + c2ψ
−2 + ... .
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where B and T are to be determined from the background Weyl invariance condition. It
is straightforward to check that the σ-model which corresponds to (3.20), i.e. (2.3) with
X i = (ψ, λ) , Gij =
(
ψ−1 1
1 A
)
, Ψ = ψ +Bλ , (3.21)
has the vanishing metric Weyl anomaly coefficient β¯G provided B = A. In fact, the metric
in (3.21) is actually flat (for any A) and the second covariant derivative of the dilaton
Ψ vanishes if B = A. The condition of the vanishing of the total central charge (3.2) is
satisfied if A = 112pi (25−Deff ). The vanishing of the tachyon Weyl anomaly coefficient β¯T
(2.5) gives
A∂2ψT − 2∂ψ∂λT + ψ−1∂2λT +
Aψ−1
2(A− ψ)(A∂ψ − ∂λ)T
−4piψ−1(A− ψ)(∂λ − 2)T = 0 . (3.22)
Remarkably, there is no solution to eq.(3.22) of the “classical” type ψf(λ) and hence the
scalar field dependence of the potential should change. There are solutions of the form
T = eaλW (ψ). However, if we want W to approach cψ in the classical region ψ → ∞ we
may set a = 2 (this is similar to the a = 2 condition (3.11) we have discussed above in the
derivation of (3.13)). We are thus assuming that only the ψ dependence of the potential
gets modified. Then (3.22) gives the following differential equation for the potential W
Aψ(A− ψ)W ′′ + [1
2
A2 − 4ψ(A− ψ)]W ′ + (3A− 4ψ)W = 0 , (3.23)
T = e2λW (ψ) .
In the classical case A = 0 , W = c ψ. For a general A one can find a solution of (3.23)
by expanding
W = cψ + c1 + c2ψ
−1 +O(ψ−2) . (3.24)
Eq.(3.23) gives
c1 = −A
4
c , c2 = −A
2
32
c , etc. (3.25)
Eq.(3.24) is analogous to the expansion of a string loop corrected dilaton potential in terms
of a string coupling (cf. eq.(1.18)). If eq.(3.23) were true in string theory it would give
a nonperturbative expression for the dilaton potential. In sect. 2 we have seen that the
presence of the “string loop corrections” in the potential (1.18) changes the classical black
hole geometry (see eq.(1.26)). It is interesting to note that in the case of the effective
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action (3.20) the combined effect of the anomaly term A∂λ∂λ and the first correction c1
to the potential (3.24) is such that there is no substantial modification of the black hole
solution in the asymptotic weak coupling region. A solution of the equations corresponding
to (3.20) with a general T satisfying (3.23) is likely to be very different from the classical
(A = 0) solution.
Comparing the two suggestions for the effective action (3.14) and (3.20) it is clear
that they correspond to the two possible choices of a metric in terms of which the anomaly
contribution is constructed. In (3.14) this is gˆ (3.16) which is natural from the point of
view of the “canonical” form of the action (1.8). The use of gˆ makes it possible to keep
the classical form of the potential term and of the vacuum solution. In (3.20) one employs
the original metric g of (1.5) but then the potential term and the vacuum solution become
complicated.
In ref.[2] the effect of quantum corrections on the black hole solution in the model
(1.5) was analysed in the 1/N approximation (i.e. the metric and φ were considered as
classical). The inclusion of the conformal anomaly term due to scalar matter fields has led
to a drastic modification of the classical solution. Our discussion suggests that once the
quantum gravitational corrections are accounted for in a way consistent with the general
covariance (so that the “effective action” in the conformal gauge satisfies the condition
of the background Weyl invariance) the structure of the anomaly terms and hence of the
corresponding vacuum solutions may be different. To justify further the ansatze (3.15) or
(3.20) it is important to understand a relation between an approximation in which they
can be considered as candidates for a quantum effective action and the standard loop and
1/N expansions.
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